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Section A (36 marks)

1  Show that the equation x2 ++/1+ x =3 has a root in the interval (1,14).

Use the bisection method to obtain an estimate of the root with maximum possible error 0.025.

Determine how many additional iterations of the bisection process would be required to reduce the

maximum possible error to less than 0.005. [8]
05 4
2 For the integral J T dx, find the values given by the trapezium rule and the mid-point rule,
0 +Xx

taking 4 = 0.5 in each case.
Hence show that the Simpson’s rule estimate with 4 = 0.25 is 0.493 801.

You are now given that the Simpson’s rule estimate with 2 = 0.125 is 0.493 952. Use extrapolation
to determine the value of the integral as accurately as you can. [8]

3 Atriangle has sides a, 3 and 4. The angle opposite side a is (90 + £)°, where ¢ is small. See Fig. 3.

(90 +¢)°

4

Fig. 3
Use the cosine rule to calculate a when € = 5.

The approximation

e

90 +¢)° ~ ——
cos ( €) 120

with € = 5 is now used in the cosine rule to find an approximate value for a.

Find the absolute and relative errors in this approximate value of a. [5]
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4  The number x is represented in a computer program by the approximation X. You are given that
X = x(1 +r) where r is small.

(i) State what r represents. [1]

(ii) Use the first two terms in a binomial expansion to show that the relative error in X" as an
approximation to x" is approximately nr. [2]

(iii) A lazy programmer has approximated 7 by ¥ . Find the relative error in this approximation.

Use the result in part (ii) to write down the approximate relative errors in the values of 72 and
. 22
N7 when 7 is taken as . [5]

5 The function f(x) has the values shown in the table.

X -1
f(x) 3 2

Use Lagrange’s interpolation method to obtain the quadratic function that fits the three data points.

Hence estimate the value of x for which f(x) takes its minimum value. [7]

Section B (36 marks)

6 (i) Explain, with the aid of a sketch, the principle underlying the Newton-Raphson method for
the solution of the equation f(x) = 0. [3]

(i) Draw a sketch of the function f(x) = tanx — 2x for 0 < x < %n (x in radians) . Mark on
your sketch the non-zero root, o, of the equation tanx — 2x = 0. Show by means of your
sketch that, for some starting values, the Newton-Raphson method will fail to converge to c.
Identify two distinct cases that can arise. [6]

(iii) Given that the derivative of tan x is 1 + tan? x, show that the Newton-Raphson iteration for the
solution of the equation tanx — 2x = 0 is

(tan x — 2x )
X =X — 5 ..
r+1 r (tanzxr _ 1)

Use this iteration with x, = 1.2 to determine ¢ correct to 4 decimal places.

Show carefully that this iteration is faster than first order. [9]

[Question 7 is printed overleaf.]
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7  The function g(x) has the values shown in the table.

X g(x)
1 2.87
2 473
3 6.23
4 7.36
5 8.05

(i) Draw up a difference table for g(x) as far as second differences. State with a reason whether
or not g(x) is quadratic. [5]

(ii) Draw up another difference table, based this time on x = 1, 3,5. Use Newton’s forward
difference formula to find the quadratic approximation to g(x) based on these three points.
Simplify the coefficients of this quadratic. [8]

(iii) Find the absolute and relative errors when this quadratic is used to estimate g(2) and g(4).

[5]
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4777 Mark Scheme June 2007
1 X f(x)
1 2.414214 <3
1.4 3.509193 >3 change of sign hence root in (1, 1.4) [M1A1]
1.2 2.92324 <3 rootin (1.2, 1.4) est 1.3 mpe 0.1
1.3 3.206575 >3 root in (1.2, 1.3) est 1.25 mpe 0.05
1.25 3.0625 >3 root in (1.2, 1.25) est 1.225  mpe 0.025 [M1A1A1]
mpe [A1]
mpe reduces by a factor of 2, 4, 8, ...
Better than a factor of 5 after 3 more iterations [M1A1]
[TOTAL 8]
2 X 1/(1+x"4) values: [A1]
0 1 M= 0.498054 [A1]
0.25 0.996109 T= 0.485294 [A1]
0.5 0.941176 S=2M+T)/3= 0.493801 [M1]
h S AS
0.5 0.493801
0.25 0.493952  0.000151 / one term enough [M1]
Extrapolating: 0.493952 + 0.000151 (1/16 + 1/16> +...) = 0.493962 [M1A1]
0.49396 appears reliable. (Accept 0.493962) [A1]
[TOTAL 8]
3 Cosine rule: 5.204972 [M1A1]
Approx formula: 5.205228 [A1]
Absolute error: 0.000255 [B1]
Relative error: 0.000049 [B1]
[TOTAL 5]
4(i)  rrepresents the relative error in X [E1]
(i) X'=x"(1+r)" = x"(1 +nr) for small r [A1E1]
hence relative error is nr
(iii) pi= 3.141593 (abs error:  0.001264 ) [M1]
22/7= 3.142857 rel error:  0.000402 [A1]
approx relative error in 7* (multiply by 2): 0.000805 (0.0008)
approx relative error in sqrt(r) (multiply by 0.5): 0.000201 (0.0002) [M1IM1A1]
[TOTAL 8]
5 X f(x)
-1 3 fx)= 3 x (x-4)/(-1)(-5) + [M1A1]
0 2 2 (x+1)(x-4) / (1)(-4) + [Al]
4 9 9 (x+t1)x/(5)4) [A1]
fx)= 0.55x*-045x+2 [A1]
f'x)= 1.1x-045 [B1]
Hence minimum at x =0.45/1.1 =0.41 [A1]

[TOTAL 7]
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Mark Scheme

6(i) Sketch showing curve, root, initial estimate, tangent, intersection of tangent
with x-axis as improved estimate

(i)

(iii)  Convincing algebra to obtain the N-R formula

r 0
Xr 1.2

1.169346

1

root is 1.1656 to 4 dp

differences from root

ratio of differences

-0.03065

1.165609

3
1.165561

-0.00374

0.1219

Sketch showing root, o

E.g. starting values just to the
left of the root can produce an
x1 that is the wrong side of the
asymptote

E.g. starting values further left
can converge to zero.

4
1.165561

June 2007

[E1E1E1]
[subtotal 3]

[G2]

[M1]

[E1]

[M1]

[E1]
[subtotal 6]
[M1A1]

[M1A1A1]
[Al]

-4.8E-05  Accept diffs of successive terms

0.012877

ratio of differences is decreasing (by a large factor), so faster than first order

Ag A2g
1.86
1.50 -0.36
1.13 -0.37
0.69 -0.44

Because second differences not constant

Ag Azg
3.36
1.82 -1.54

Q(x)=2.87+3.36 (x-1)/2-1.54 (x - 1)(x - 3)/8
= 0.6125 +2.45 x - 0.1925 x*

7

0) X g(x)
1 2.87
2 4.73
3 6.23
4 7.36
5 8.05

Not quadratic

(ii) X g(x)
1 2.87
3 6.23
5 8.05

(iii) X Q(x)
2 4.7425
4 7.3325

g(x) error
4.73 0.0125
7.36  -0.0275

rel error
0.002643
-0.00374

€erTors:
rel errors:

[M1A1]
[E1]
[subtotal 9]

[TOTAL 18]

[M1ALA1]
[E1]

[E1]
[subtotal 5]

(B1]

[M1A1A1A1]

[ALAL1AL]
[subtotal 8]

[AL1A1]
[A1]
[M1A1]
[subtotal 5]

[TOTAL 18]
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