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1 A particle P of mass m is attached to one end of a light inextensible string of length a. The other end of the 
string is attached to a fixed point O. The particle P is moving, with negligible air resistance, in a complete 
vertical circle with centre O. When P is at its highest point the speed of P is V. The horizontal line CD lies 
in the plane of the motion and passes through the lowest point of the circular path of P. Fig. 1 shows the 
particle at a point where OP makes an angle i with the upward vertical.  

P

V

DC

O

ai

Fig. 1

 (i) Show that the least possible value of V is ag . [2]

 (ii) Given that V ag= , find an expression, in terms of m, g and i, for the tension in the string when P is 
in the position shown in Fig. 1. [6]

 Now consider the case V ag3= .

 (iii) Find the vertical height of P above CD when the tension in the string is equal to twice its minimum 
value.  [6]

 Suppose now that V kag= , where k is a positive constant.

 The string breaks if the tension in it exceeds 12 mg.

 (iv) Find the set of values that k can take so that P is able to complete vertical circles.  [3]
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2 (a) A moving car experiences a force F due to air resistance. It is known that F depends on a product of 
powers of its velocity v, its cross-sectional area A and the air density t, and is given by

    F C v A2
1

t= a b c ,

  where C is a dimensionless constant known as the drag coefficient.

  (i) Write down the dimensions of force and density. [2]

  (ii) Use dimensional analysis to find a, b and c. [5]

 (b)

α

banked track

horizontala mC

Fig. 2

  A motorcyclist is riding his motorcycle around a circular banked track. The track is banked at an  
angle a to the horizontal, where tan 4

1
a = . The combined mass of the motorcycle and rider is M  kg.  

The motion of the motorcycle and rider is modelled as a particle travelling at constant speed in a 
horizontal circle, with centre C and radius a m, on the banked track, as shown in Fig. 2.  

  (i) Given that there is no tendency for the motorcyclist to slip up or down the slope when his speed is 
g5 ms 1- , show that a = 100.  [4]

  Suppose now that the coefficient of friction between the motorcyclist and the track is n.

  (ii) Given that the maximum constant speed for which motion in the horizontal circle centre C is 
possible is 28 m s–1, find the value of n. [7]
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3 Fig. 3 shows a smooth plane inclined at an angle of 30° to the horizontal. A particle P of mass 3 kg lies on 
the plane. One end of a light elastic string, of natural length 2 m, is attached to P and the other end is fixed to 
a point A. One end of a second light elastic string, of natural length 1 m, is attached to P and the other end is 
fixed to a point B. Both strings are made from material with modulus of elasticity 12.25 N. APB is parallel 
to the plane on a line of greatest slope, and the distance AB is 6 m.

A

B
P

30°

6 m

Fig. 3

 The particle P moves along part of the line AB with both strings taut throughout the motion. 

 (i) Show that, when the extension of the string AP is x m, the tension in the string BP is . x12 25 3 N-^ h .  
Show also that the value of x for which the system is in equilibrium is 1.2.  [4]

 The particle P is released from rest when AP = 3.35 m. At time t s, the displacement of P from its equilibrium 
position is y m, measured in the direction AB.

 (ii)  Show that the motion of P is simple harmonic with equation

    .
t
y

y6 125
d
d

2

2

=- .

  State the period of the motion.  [8]

 The point C is on the line AB, between A and B, such that AC = 3.1 m.

 (iii) Find the speed of P when it is at C. [2]

 (iv) Find the time elapsed after its release from rest until P is at C moving up the plane for the first time.
 [5]
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4 Fig. 4.1 shows the shaded region R bounded by the curve y x2 2
1

= -  for x1 4G G , the x-axis and the lines  
x = 1 and x = 4.

2

1

O 1 2 3 4
x

y

R y x2 2
1

= -

Fig. 4.1

 (i) Find the exact coordinates of the centre of mass of a uniform lamina occupying the region R. [6]

 Fig. 4.2 shows the shaded region S bounded by the curve y x2 2
1

= -  for x1 4G G , the x-axis and the lines  
x = 4 and y = 2x. The line y = 2x meets the curve y x2 2

1

= -  at the point A with coordinates (1, 2).

2

1

O 1 2 3 4
x

y

A

S

y = 2x

y x2 2
1

= -

Fig. 4.2

 The region S is rotated through 2r  radians about the x-axis to form a uniform solid of revolution.

 (ii) Show that the x-coordinate of the centre of mass of this solid is 
ln4 1 6 2

39
+^ h .

 (You may assume the standard results for the volume and the position of the centre of mass of a uniform 
solid cone.) [8]

 (iii) The solid is suspended from a point on the circle described by A when S is rotated about the x-axis. 
Find the angle between AO and the vertical. [4]

END OF QUESTION PAPER
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1. (i)  Tension (T) at highest point = 0  B1 May be implied  

   
2( ) /T mg mV a  :  2V ag  E1 

Without further explanation, 2 /g V a  is B0E0 

But 2 /mg mV a  can earn B1E1 

 

       [2]   

       

 (ii)  2

cos
mv

T mg
a

   
M1 

A1 

N2L at P  Allow sign errors, sin/cos interchanged 

Condone use of V for M1A1 

 

   2 21 1
(1 cos )

2 2
mv mV mga     

M1 

A1 
Energy equation   [  

2 (3 2cos )v ag     ] 
 

   
3 (1 cos ).T mg            

M1 

A1 

Eliminate 2v and use V ag   Dependent on M1M1 

 

 

       [6]   

       

 (iii)  21 1
(3 ) (1 cos )

2 2
mv m ag mga     M1 [ 

2 (5 2cos )v ag     ] 
 

   Minimum T at highest point:   T = 2mg B1   

   
Using T = 2 2mg  in 

2

cos
mv

T mg
a

   M1  
 

   
4 cos (5 2cos )mg mg mg      A1 Or 

1 1
(4 cos ) (3 ) (1 cos )

2 2
mag m ag mga      

 

   1
cos

3
   A1  

 

   
Height = 

4
cos

3

a
a a    F1 Dependent on M1M1; provided cos 0, 1     

 

       [6]   

       

 (iv)  Maximum tension, at lowest point,  is 12mg 

 
B1 Seen or implied 

 

   2
2 21 1

2 2
and 2

mv
T mg mv mV mga

a
     M1 [  

2 211 , ( 4)v ag v k ag     ] 
 

   2 7V ag :  7k      

   So 1 7k   A1   

        [3]   
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2. (a) (i) Dimensions of force:  2MLT  B1   

   Dimensions of density: 3ML  B1   

       [2]   

       

  (ii) MLT
-2 

=(ML
-3

)
α
 (LT

-1
)

β
 (L

2
)

γ 

 

M1 

A1 ft 

All parts present, dimensions of at least v or A correct 

 

 

   Compare powers for at least one dimension M1   

   1

1 3 2

2



  





   

  

 A1 cao 

 

At least two equations correct 

 

 

   1, 2, 1      A1 cao All correct  

         [5]   

 

 

 

(b) (i) Let R = normal reaction. 

 For vertical equilibrium, cosR Mg    
B1 Or B2 for 

2

sin cos
v

mg m
a

    

 

   
Horizontally,  

2 25
sin [ ]

Mv Mg
R

a a
      B1 Or B2 for a correct triangle showing mg, R and mv

2
/a 

 

   
Divide:  

25
tan

g

ag
       M1 Dependent on B2 

 

   25 / tan 100a    AG    E1   

        [4]   

  (ii) Let F = frictional force 

Vertically:   cos sinR Mg F       
M1 All terms present, allow F in wrong direction, sin/cos interchange 

 

   
  Horizontally: 

2

sin cos
Mv

R F
a

        
M1 

A1 

All terms present, allow F in wrong direction, sin/cos interchange 

Both resolutions correct 

 

    F R         M1   

   

Eliminate R and F: 
2 tan

1 tan

v

ag

 

 





    

M1 

 

 

OR: solve for F and R   This M1 is dependent on first two M1M1 

  [ 
2

cos sin
Mv

F Mg
a

    , 
2

sin cos
Mv

R Mg
a

     ] 

 

   
Solving to obtain µ M1 OR: use 

7.84 9.8tan

7.84tan 9.8

F

R







 


   Dependent on M4 

 

   11

24
   ( = 0.458(3))       

A1 cao 

    [7] 
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3. (i)  Length of BP = 4 x : extension 3 x     

   12.25(3 )
12.25(3 )

1
BP

x
T x


            AG E1  

 

   In equilibrium: 3 sin30BP APT T g   M1   

   12.25 3
12.25(3 )

2 2

g
x x    A1  

 

   1.2x                           AG E1 Solve (or evaluate terms)  

         [4]   

 (ii)  
Tension in BP = 12.25(1.8 )y  

M1 

A1 

Hooke's law for one string 

 

 

   Tension in AP = 6.125(1.2 )y  A1   

    

sin30BP APT T mg my    

3
12.25(1.8 ) 6.125(1.2 ) 3

2

g
y y y      

M1 

A1 

A1 cao 

Use N2L with at least 3 terms present 

Allow ormy ma   on RHS 

 

 

   6.125y y   E1   

   
Period = 

2
2.53879....

6.125


  (s) B1 Allow 

4 2

7
   

 

   
      [8] 

Working with x earns max M0M1A1A0E0B1 unless 1.2x y   is 

used at some stage 

 

 (iii)  
 2 2 26.125 0.15 0.1v    M1 

Using 
2 2 2 2( )v a y   or cos and siny a t v a t       

Or energy equation with all terms present 

 

   2 0.07656v  :   v = 0.276699.....  A1   

        [2]   

       

 (iv)  cosy a t   M1 For cosy a t , siny a t , ( ) sinv a t    or cosv a t    

   0.1 0.15cos 6.125t   A1 ft Allow ±0.1 and sin or cos;  o.e. for 0.277v     

   0.929(55)t   A1 Any solution; e.g. 0.295, 0.340, 1.564, 1.61, 2.20 seen  

   When P is moving up the plane,  

time = period − t  
M1 o.e.   e.g. 3T/4 – 0.295,  T/2 + 0.340, 5T/4 – 1.564, 3T/2 – 2.20 

 

   1.60924...... (s) A1 cao   

         [5]   
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4. (i)  44

0.5 1.5

11

4
.2 d

3
Ax x x x x  

   
 

  M1 For 
1

22 dx x x
 

 
 





  
 

   
=

28

3
 A1  

 

   
A = 

4
4

0.5 0.5

1
1

2 d 4 4x x x      B1  
 

   7

3
x   A1  

 

   

   
4

2 40.5

1

1

1
2 d 2ln 2ln 4

2
Ay x x x    M1 For 

2
1

2
1

2 d
2

x x
 

 
 





 

 

   2ln4 4 ln2y     A1 Accept 1
2
ln 4    

          [6]   

       

 (ii)  Consider solid formed by rotating R: 

V = 
4

2

1

d 8 ln 2y x   
B1 Ft result obtained in (i) 2   

 

   

 

4

1

1

4

1

.4 d

4

12

Vx x x x

x















 

 

 

M1 

 

M1 

 

A1 

 

For 

2
1

22 dx x x
 

 
 





 

For  4x   

 

For  12π   Implied by correct x   

 

   
3

2ln 2
x   

 

 

 
 

 

   

Consider solid formed by rotating line 2y x  as cone. 

Volume = 
4

3


: com 

3

4
from y-axis 

 

 

 

B1 
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    Cone Solid from R Whole 

Volume 
4

3
  8 ln 2  

4
8 ln 2

3
   

Dist. of com 

from vertex 

3

4
 

3

2ln 2
 X  

 

 

 
 

 

   4 4 3 3
8 ln 2 8 ln 2

3 3 4 2ln 2
X


  

 
     

 
 

M1 

A1 ft 

Formula for com of composite body 

 

 

   39

4(1 6ln 2)
X 


       AG E1  

 

          [8]   

  OR Consider as a single object    

   1
2

1 4
2 2

0 1

4
(2 ) d (2 ) d 8 ln 2

3
V x x x x   


       B1 ft  for 8 ln 2  

 

   1
2

1 4
2 2

0 1
(2 ) d (2 ) d 12VX x x x x x x   


       

M1M1A1 for  12π   (as above) 

B1 for 4
3

and   

 

   

4
3

13

8 ln 2
X



 



  M1A1 ft 

 

   39

4(1 6ln 2)
X 


       AG  E1 

 

 (iii)  Find angle between AG and line x = 1    

   1
tan

2

X



  M1 Award M2A2 for other methods (e.g. triangle OAG) 

 

   23.987724...   A1   

   
Identify required angle as 1 1

tan
2

   M1  
 

   Angle between AO and vertical = 50.552775...  A1 cao Accept 0.882 rad  

        [4]   
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