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A curve C has the equation

¥ +2xy-x-»"-20=0

(a) Find % in terms of x and y.

()

(b) Find an equation of the tangent to C at the point (3, —2), giving your answer in the form
ax + by + ¢ =0, where a, b and c are integers.

)
Given that the binomial expansion of (1 + kx)™, kx| <l1,is
1 —6x+Ax*+ ...
(a) find the value of the constant £,
)
(b) find the value of the constant A4, giving your answer in its simplest form.
3)
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Figure 1

10

—  x>0.
2x+5Vx

Figure 1 shows a sketch of part of the curve with equation y =

The finite region R, shown shaded in Figure 1, is bounded by the curve, the x-axis, and the
lines with equations x = 1 and x = 4.

The table below shows corresponding values of x and y for y = L
2x+5Vx
X 1 2 3 4
v 1.42857 0.90326 0.55556

(a) Complete the table above by giving the missing value of y to 5 decimal places.
1)

(b) Use the trapezium rule, with all the values of y in the completed table, to find an estimate
for the area of R, giving your answer to 4 decimal places.
3)

(c¢) By reference to the curve in Figure 1, state, giving a reason, whether your estimate in
part (b) is an overestimate or an underestimate for the area of R.

1)

(d) Use the substitution u = \x, or otherwise, to find the exact value of

4
J‘lodx
L 2x+5Vx

(6)
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Figure 2

A vase with a circular cross-section is shown in Figure 2. Water is flowing into the vase.

When the depth of the water is 4 cm, the volume of water ' cm? is given by
V=4rnh(h+4), 0<h<25
Water flows into the vase at a constant rate of 80z cm® s7'.

Find the rate of change of the depth of the water, in cm s™!, when 4 = 6.

()
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Figure 3

Figure 3 shows a sketch of the curve C with parametric equations
V4 .
x=4cos(t+gj, y=2sint, 0<t<2x

(a) Show that

x+y=2\/3cost

©)
(b) Show that a cartesian equation of C is
(3P +aP=b
where a and b are integers to be determined.
(2)
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(i) Find

3)
(i) Find
J. ) 3 dx, x> =
(2x — 1) 2
)
(ii1) Given that y =% at x = 0, solve the differential equation
dy
— =e"cosec 2y cosec
or y y
(7)
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Figure 4

Figure 4 shows a sketch of part of the curve C with parametric equations
- - 2 4
x=3tan 0§, y=4cos" 6, OSG<E

The point P lies on C and has coordinates (3, 2).
The line / is the normal to C at P. The normal cuts the x-axis at the point Q.

(a) Find the x coordinate of the point Q.

(6)

The finite region S, shown shaded in Figure 4, is bounded by the curve C, the x-axis, the
y-axis and the line /. This shaded region is rotated 2z radians about the x-axis to form a solid
of revolution.

(b) Find the exact value of the volume of the solid of revolution, giving your answer in the
form pz + gn®, where p and ¢ are rational numbers to be determined.

[You may use the formula V = %m’zhfor the volume of a cone.]

(9)
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-2
Relative to a fixed origin O, the point 4 has position vector | 4
7
-1
and the point B has position vector | 3 |.
8

The line /1 passes through the points 4 and B.

(a) Find the vector AB.

(b) Hence find a vector equation for the line /1.

0
The point P has position vector | 2 |.
3

Given that angle PBA is 0,

(¢) show that cos@ = % .

The line /2 passes through the point P and is parallel to the line /1.

(d) Find a vector equation for the line L.

The points C and D both lie on the line L.
Given that 4B = PC = DP and the x coordinate of C is positive,

(e) find the coordinates of C and the coordinates of D.

(f) find the exact area of the trapezium ABCD, giving your answer as a simplified surd.

@)

1)

(3)

(2)

(3)

(4)

TOTAL FOR PAPER: 75 MARKS

END
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(Nguestlon Scheme Marks
umber
1. XX+ 2xy —x-y*-20=0
(a) &x 3x* + 2y+2xd—y —1—3y2d—y=0 M1A1l Bl
)% dx dx =
3¢ +2y ~1+(2x 3y)0Iy 0 dM1
dx
dy 3x* +2y-1 1-3x* -2y
— = or
dx 3y® - 2x 2x —3y° Al cso
[5]
2 — —
b) | AtP(3-2), m(T)= a3+l 22 11
dx 3(-2)" - 2(3) 6 3
and either T: y—--2= 1—31 (x-3) see notes | M1
or (-2)= (1—;}(3) +C=>cCc=..,
T: 11x-3y-39=0 or K(11x-3y-39)=0 Al cso
[2]
7
Alternative method for part (a)
@ .. SO L S PV P I P I M1AL Bl
¢ dy dy dy =
2x -3y + (3% + 2y - 1)OIX 0 dM1
dy
dy 3x* +2y-1 1-3x* -2y
dx  3y% - 2x 2x - 3y° Al cso
[5]
Question 1 Notes
2
(@) Note | Writing down d_y = w M from no working is full marks.
General X 3y —2x 2% — 3y?
2 _ —
Note | Writing down d_y = 3x+—2yzl ufrom no working is MIAOBOM1AO0
dx 2X — 3y 3y? —2x
) dy 3x* +2y-1
Note | Few candidates will write 3x* + 2y + 2xdy —1— 3y*dy = 0 leading to —- 5 3—2, 0.e.
X y© —2x
This should get full marks.
dy 2 dy dy _
1. (@) M1 | Differentiates implicitly to include either ZX& or -y > +ky vl . (Ignore i = ).
Al | xX*>3x* and -x-y*-20=0 — —1—3y23—y=0
X
Bl | 2xy > 2y + 2xd—y
dx
Note | If an extra term appears then award 1% AO.




1. (a) 2 dy 2 dy 2 2 dy dy
Note | 3x" + 2y +2x— -1-3y"— — 3x°+2y-1=3y"— - 2x—
ctd y dx Y i y Y i dx
will get 1% A1 (implied) as the "= 0"can be implied by rearrangement of their equation.
dM1 | dependent on the first method mark being awarded.
An attempt to factorise out all the terms in g—y as long as there are at least two terms in 3—y :
X X
. dy
ie. ..+ (2x-3y*)ZL=..
(2x=3y°")
Note | Placing an extra g—y at the beginning and then including it in their factorisation is fine for dM1.
X
Al | For M or equivalent. Eg: w
2X — 3y 3y° —2x
cso: If the candidate’s solution is not completely correct, then do not give this mark.
isw: You can, however, ignore subsequent working following on from correct solution.
1. (b) M1 | Some attempt to substitute both x =3 and y = -2 into their g—y which contains both x and y
X
to find m, and
o either applies y — —2 = (their m; )(x —3), where m, is a numerical value.
e or finds c by solving (-2) = (their m; )(3) + ¢, where m, is a numerical value.
Using a changed gradient (i.e. applyin — or is M0).
Al | Accept any integer multiple of 11x -3y —-39=0 or 11x-39-3y=0 or —11x + 3y + 39 =0,
where their tangent equation is equal to 0.
cso | A correct solution is required from a correct (;_y
X
isw | You can ignore subsequent working following a correct solution.
Alternative method for part (a): Differentiating with respect toy
. . S . . dx 3 , dx dx
1. (a) M1 | Differentiates implicitly to include either 2y— or x°— +kx"— or —-x—> ——
dy dy dy
(Ignore [% :J).
dy
Al x3—>3x2% and —x—y3—20:0—>—d—x—3y2:0
dy dy
dx
B1 2Xy — 2y— + 2X
dy
dM1 | dependent on the first method mark being awarded.
An attempt to factorise out all the terms in % as long as there are at least two terms in d_X .
y y
Al For M or equivalent. Eg: w
2X — 3y 3y° —2x

cso: If the candidate’s solution is not completely correct, then do not give this mark.




Question

Number Scheme Marks
2. {(1+ kx)™ =1+ (-4)(kx) +#(kx)2 + }
€) Either (-4)k=-6 or (1+ kx)_4 =1+ (-4)(kx) see notes | M1
leading to k _3 k =§or 15 or9 Al
2 2 4
[2]
S (k)? or (kx)* | M1
2 Either w(k)z or w(kx)z M1
2! 2!
2
A (A5 (Ej A B or 225| A1
2! 2 2 2
(3]
5
Question 2 Notes
Note In this question ignore part labelling and mark part (a) and part (b) together.
Note | Writing down {(1+ kx)*} =1+ (-4)(kx) + (“‘)(;—f“l)(kx)2 + .
gets all the method marks in Q2. i.e. (a) M1 and (b-) M1M1
(@) M1 | Award M1 for
e either writing down(-4)k =—-6 or 4k =6
e or expanding (1+kx)™* to give 1+ (—4)(kx)
e or writing down (-4)k x = -6 or (—4k) = —6x or —4k x = —6x
Al | k= % orl.5or % from no incorrect sign errors.
Note | The M1 mark can be implied by a candidate writing down the correct value of k.
Note | Award M1 for writing down 4k = 6 and then Al for k =1.5 (or equivalent).
Note | Award MO for 4k = — 6 (if there is no evidence that (1 + kx)™* expands to give 1+ (—4)(kx)+ ...)
Note | 1+ (—4)(kx) leading to (-4)k =6 leading to k =g is M1A0.
(b) M1 | For either (_4)(;4_1) or (_4;(|_5) or 10 or (k)? or (kx)*

Note | Candidates are allowed to use 2 instead of 2!
Al | Uses k=15 togiveA = 4—25 or 22.5
Q0 .. TP
Note | A = ” which has not been simplified is AO.
45 ,
Note | Award AQ for A= ?x :
Note | Allow Al for A= %xz followed by A= %

Note | k =—-1.5 leadingto A =% or 22.5 is AO.

M1 | Either M(k)z or M(k)z or w(kx)z or w(their k)2 or 10k?
21 21 21 21




Question

Number Scheme Marks
x| 1+ | 2 | 3 | 4 | ,__10
3. Y=T—"7F
y| 1.42857 | 090326 | 0.682116.. | 0.55556 | 2x + 5/
(a) {At x=3} y = 0.68212 (5 dp) 0.68212 | B1 cao
[1]
1 Outside brackets 1x1 or 1 | B1 aef
(b) | —x1x[1.42857 +0.55556+2(0.90326 + their 0.68212) |
2 For structure of [................ ] [ m1
{= £(5.15489) } = 2.577445 = 2.5774 (4 dp) anything that rounds to 2.5774 | Al
[3]
(c) e Overestimate
and a reason such as
o {top of} trapezia lie above the curve
e adiagram which gives reference to the extra area
e concave or convex
2 Bl
o d_)zl > 0 (can be implied)
X
e bends inwards
e curves downwards
[1]
du 1 -1 dx
d U=syJX=>p—==Xx2 0or —=2U Bl
@ { Vx } dx 2 u
10 . tku +k
————2udu Either ———— {du! or — = {du
j2u2+5u {j }auziﬂu ) {j }u(auziﬂu) ) | M1
+AIn(2u +5) or £AIn| u +E , A#0
20 20 2 M1
= du } = —In(2u +5) with no other terms.
2u+5 2
20 - QIn(Zu +5) or 10In|u + > Al cso
2u+5 2 2
20 2 Substitutes limits of 2and 1 in u
[—In(Zu +5)} =10In(2(2) +5) —10In(2(1) + 5) (or 4 and 1 in x) and subtracts | M1
2 1 the correct way round.
10In9 -10In7 or 10'“(%) or 20In3-10In7 Al oe cso
[6]
11
Question 3 Notes
3.(a) B1 | 0.68212 correct answer only. Look for this on the table or in the candidate’s working.
(b) B1 | Outside brackets %xl or % or equivalent.
M1 | For structure of trapezium rule| ............. ]
Note | No errors are allowed [eg. an omission of a y-ordinate or an extra y-ordinate or a repeated y ordinate].
Al | anything that rounds to 2.5774
Note | Working must be seen to demonstrate the use of the trapezium rule. (Actual area is 2.51314428...)




3. (b)
contd

(©)

(d)

Note

Award BIM1A1l for %(1.42857 + 0.55556) + (0.90326 + their 0.68212) = 2.577445

Bracketing mistake: Unless the final answer implies that the calculation has been done correctly

award B1IMOAO for %xl +1.42857 +2(0.90326 + their 0.68212)+0.55556 (nb: answer of 5.65489).

award BIMOAO for %xl (1.42857 + 0.55556) + 2(0.90326 + their 0.68212) (nb: answer of 4.162825).

Alternative method: Adding individual trapezia

Area ~ 1><{1.42857;0.90326 N 0.90326 +2"0.68212" N "0.68212"2+ 0.55556 } _ 2577445
B1 | B1: 1 and adivisor of 2 on all terms inside brackets.
M1 | M1: First and last ordinates once and two of the middle ordinates twice inside brackets ignoring the 2.
Al | Al: anything that rounds to 2.5774
B1 | Overestimate and either trapezia lie above curve or a diagram that gives reference to the extra area
eg.  This diagram is sufficient. It must
show the top of a trapezium lying
above the curve.
2
or concave or convex or 3—2’ > 0 (can be implied) or bends inwards or curves downwards.
X
Note | Reason of “gradient is negative” by itself is BO.
1
Bt | -1y o du=—1_dx or 2Jxdu=dx or dx=2udu or X—2u oe
dx 2 2x
. I . +ku +k
Applying the substitution and achievin ——— {du} or ——— {duy},
M1 | APPYIng Q{J‘ }auziﬂu tduj {j }u(auziﬂu) tau}
k,«, f#0. Integral sign and du not required for this mark.
M1 | Cancelling u and integrates to achieve +AIn(2u +5) or iﬂln(u +gj A # 0 with no other terms.
20 .20 5 S .
Al | cso. Integrates 025 to give 7In(2u +5) or 10In|u +E , un-simplified or simplified.
+
Note | BE CAREFUL! Candidates must be integrating UL E or equivalent.
u+
So _[2 10 c du = 10In(2u +5) WOULD BE A0 and final AO.
u+
M1 | Applies limits of 2and 1 in u or 4 and 1 in x in their (i.e. any) changed function and subtracts the
correct way round.
. 9 3 9%
Al | Exact answers of either 10In9 —10In7 or 10In - or 20In3-10In7 or 20In ﬁ or In -
or equivalent. Correct solution only.
Note | You can ignore subsequent working which follows from a correct answer.
Note | A decimal answer of 2.513144283... (without a correct exact answer) is AQ.




Question

Number Scheme Marks
dv )
4. P 807, V =4rzh(h + 4) = 4zh” +167zh,
dv tah+t B, a#0,8+0 | M1
{d—vxﬁ = d_V :>} (87zh + 1671')@ =80rx (Candidate's d—VJx% =80rx
dh dt dt dt dh ) dt
dh dv v dh 1 av | e
—_———r— = —= 80 e — = idate's —
{dt dat  dh } at . " 8zh+167 or 807 + Candidate's — - W
When h =6, {@ :} 1 % 807 {z 80_”} dependent on the previous M1 dM1 J
dt 87(6) + 167 647 see notes
dh =1.25 (cms™) 1250r 2 ord or 80 Al oe
a — 4 8 64
[5]
5
Alternative Method for the first M1A1
u =4rh v=h+4
Product rule:
d_u =4r d_V =1
dh dh

dv

— =4x(h+4) + 4zh
dh

tah+ g, a#0,+#0 | M1
dz(h+4)+4zh | Al

Question 4 Notes

M1

An expression of the form tah + g, a # 0, f# 0. Can be simplified or un-simplified.

Al

Note
Note

Correct simplified or un-simplified differentiation of V.
eg. 8zh +16xz or 4x(h+4)+4rxh or 8z(h + 2) orequivalent.

Some candidates will use the product rule to differentiate V with respect to h. (See Alt Method 1).

C:j—\; does not have to be explicitly stated, but it should be clear that they are differentiating their V.

M1

Note

Note
dM1

Al

Note

Note

Candidate's d_V x@ =80xr or 80 =+ Candidate's d_V
dh ) dt dh

Also allow 2™ M1 for (Candidate's z—\;jx% =80 or 80 - Candidate's ((jj_\r:

Give 2" MO for (Candidate‘s z—\;)x% =80nt or 80k or 80xt or 80k + Candidate's (l—\r:

which is dependent on the previous M1 mark.

Substitutes h = 6 into an expression which is a result of a quotient of their i—\; and 80~ (or 80)

1.250r > orE or 80 (units are not required).
4 8 64

80—” as a final answer is AO.

T
Substituting h =6 into a correct z—\; gives 647 but the final M1 mark can only be awarded if this

is used as a quotient with 807 (or 80)




%te;tgg? Scheme Marks
5. x=4cos(t+%), y = 2sint
Main Scheme
(a) x=4 costcos(zj - sintsin(zj cos(t + Zj - costcos(zj * sintsin(zj M1 oe
6 6 6 6 6
B LTI 4 : Adds their expanded
So, {x+y}= 4(costcos( 6] smtsm( 6]) + 2sint X (which is in terms of t) to 2sint dM1
=4 ﬁ cost —[ljsint + 2sint
2 2
= 2/3cost * Correct proof | Al *
[3]
@) Alternative Method 1
X=4 costcos(z) - sintsin(zj cos(t + Zj - costcos(zj * sintsin(zj M1 oe
6 6 6 6 6
- 4({§jcost - (%jsint} = 2+/3cost — 2sint
So, x=2+/3cost — y Forms an equation inx, y and t. | dM1
X +y =2+/3cost * Correct proof | Al *
[3]
Main Scheme Scheme
(b) X + y Applies cos’t + sin’t =1 to achieve an M1
equation containing only x’s and y’s.
= (x+y) +3y =12 (x+y)+3y’=12 | Al
{a=3,b=12} [2]
(b) Alternative Method 1
(x + y)*=12cos’t =12(1-sin’t) =12 —12sin°t
. ) g .
S0, (X + y)’ =12 — 3y? Applies f:os t+ s_m- t =1 to achieve an M1
equation containing only x’s and y’s.
= (X+y)*+3y’=12 (x+y)+3y’=12 | Al
[2]
(b) Alternative Method 2
(X + y)*=12cos’t
As 12cos’t +12sin’*t =12
then (x +y)? + 3y°=12 M1, Al
[2]




Question 5 Notes

cosS t+£ — costcos z + sintsin z or cos t+Z - ﬁ cost + 1 sint
6 6 6 6 2 2

5. (@) M1
Note | If a candidate states cos(A + B) = cos AcosB + sin Asin B, but there is an error in its application
then give M1.
Awarding the dM1 mark which is dependent on the first method mark
Main dM1 | Adds their expanded x (which is in terms of t) to 2sint
Note | Writing x + y =... is not needed in the Main Scheme method.
Alt 1l dM1 | Forms an equation in x, y and t.
Al* | Evidence of cos(%) and sin(%} evaluated and the proof is correct with no errors.
Note | {x+y}= 4cos(t + %j + 2sint, by itself is MOMOAO.
(b) M1 | Applies cos’t + sin®t =1 to achieve an equation containing only x’s and y’s.
Al | leading (x + y)* + 3y*=12
SC | Award Special Case B1BO for a candidate who writes down either
e (x+Y)*+ 3y*=12 from no working
e a=23,b=12, but does not provide a correct proof.
Note | Alternative method 2 is fine for M1 Al
Note | Writing (x + y)*=12cos’t followed by 12cos’t + a(4sint)=b = a=3,b=12 is SC: B1B0
Note | Writing (x + y)*=12cos’t followed by 12cos’t + a(4sin’t) = b

e states a=3,b=12
e and refers to either cos?t + sin’t =1 or 12cos’t + 12sin*t =12

e and there is no incorrect working
would get M1A1




Question

Number Scheme Marks
. . J_raxe“X—J-ﬁe‘”{dx}, a#0, >0 | M1
6. (i) Ixe“* dx = —xe“X—I —e™ {dx} 1 1
4 4 —xe“X—J. —e™ {dx} | AL
4 4
_Lyen o Lo {+c} Liev—Lev | a1
4 16 4 16
[3]
5 +1(2x-1)7 | M1
N 8 8(2x -1) P
(i) (2x - 1)° ox = (2)(-2) trel 8@x-h)” or equivalent. | A1
(2)(-2)
{=-2(2x -7 {+c}} {Ignore subsequent working}. [2]
(iii) Y _ e’ cosec2y cosecy y=Z at x=0
dx 6
Main Scheme
I ! dy = Iex dx or IsinZy siny dy = Ie* dx Bl oe
COSec2y cosecy
IZSin ycosysiny dy = Ie* dx Applying or sin2y — 2sinycosy | M1
cosec?
Integrates to give +usin’y | M1
%sin3 y =e*{+c} 2sin’ ycosy — %sin3 y | Al
e*—> e" | Bl
T
Esin3(£j=e(’+c or E(l ~l=c Useof y=--and x=0 |y
3 6 3.8 . . . -
in an integrated equation containing ¢
11 - 2 ., 11 2 ., . 11
=>C=—— iving —siny =e” — — —siny =" —— | Al
{ 12} gving 3 y 12 3 y 12
[7]
Alternative Method 1
J‘ ! dy = J-eX dx or J.sin2y siny dy = jex dx Bl oe
COSec2y cosecy
J. _%(cos\?,y — CoS y) dy = J.ex dx sin2ysiny — + Acos3y + Acosy | M1
Integrates to give £asin3y + gsiny | M1
1(1 . . 1(1 . .
—=| =sin3y —siny | =e* {+¢C —=| =sin3y —sin Al
2{3 in3y —si y] {+c} 2(3 y YJ
e* — e as part of solving their DE. | B1
T .
L3 Cinl ) 20 v or (I 1) g Use of yzgand x=0inan | .,
2\3 6 6 2\3 2 . . -
integrated equation containing ¢
11 - 1. 1. 11 1. 1. 11
= c=-= iving —=sin3y + =siny =¢* — == —=sin3y + —siny =e¢* - — | A1
{ 12} gving 6 Y 2 y 12 6 y 2 y 12
[7]




Question 6 Notes

6. (i)

(i)

(iif)

M1

Al

Al

isw

SC

M1

Al

Note

Bl

Note

M1

M1
Al
Bl
M1
Note
Al
Note

Integration by parts is applied in the form +axe®™ — Jﬂe“ {dx} , where =0, #>0.

(must be in this form).

lxe“—J‘ le4X {dx} or equivalent.
4 4
%xe4X — %e“ with/without + ¢. Can be un-simplified.

You can ignore subsequent working following on from a correct solution.

SPECIAL CASE: A candidate who uses u = x, % =e*  writes down the correct “by parts”
X

formula,
but makes only one error when applying it can be awarded Special Case M1.

+1(2x -1, 2 #0. Note that Acan be 1.

8(2x -7 or —2(2x-1)72 or =2 .
(2)(=2) (2x — 1)

You can ignore subsequent working which follows from a correct answer.

with/without + c. Can be un-simplified.

Separates variables as shown. dyand dx should be in the correct positions, though this mark can be
implied by later working. Ignore the integral signs.

Allow B1 for I 1 = Iex or jsin 2ysiny = Iex
C0Sec2y cosecy

— 2sinycosy or sin2y — 2sinycosy or sin2ysiny — +Ac0os3y +Acosy

cosec2y
seen anywhere in the candidate’s working to (iii).
Integrates to give +usin’y, u#0 or +asin3y + Bsiny, a#0, =0

2sin’ ycosy — %sin3 y (with no extra terms) or integrates to give —%(gsin 3y —sin yj
Evidence that e has been integrated to give e¢* as part of solving their DE.

Some evidence of using both y = %and x =0 in an integrated or changed equation containing c.

that is mark can be implied by the correct value of c.

2 ., .1 1. 1. .1 .
—sin"y =e* — o or —=sin3y + Esm y=ge"— o or any equivalent correct answer.
You can ignore subsequent working which follows from a correct answer.

Alternative Method 2 (Using integration by parts twice)

J.sin2y sinydy = J.eX dx Bl oe

1 . 2 .
%cos ysin2y — %sin ycos2y =e* {+c} Scosysin 2y — 3sin ycos2y | 5,

1 . 2 . . . . <
gcosysm2y—§smy0052y =e —— —=sin3y + =siny =¢" — —

Applies integration by parts twice

togive Facosysin2y + gsinycos2y M2

(simplified or un-simplified)

e* — e* as part of solving their DE. | B1

as in the main scheme | M1
11 1 1 11 AL
12 6 2 12

[7]




Question

Number Scheme Marks
7. x=3tan@, y=4cos’f or y=2+2c0s26, 0<9<%.
(a) d—X=3se02¢9, d—y:—8cost93in6? or d—y=—4sin249
dé dé dée
dy dx
. their — divided by their — | M1
%zw {z —%cos%sin& = —%sinzecos2 0} dg (:;9
X Sec Correct d—y Al oe
X
z dy 3 . . 9 Some evidence of
_7 W 808 einl __%
ALP(@3,2), 0= 4 dx ?,CoS (4)3"{4) { 3} substituting @ — Zinto their d_y M1
4 dx
So, m(N) = 3 applies m(N) = = M1
’ 2 m(T)
. ) "3
Either N: y-2= > (x=3)
"y see notes | M1
or 2= = | +c
e
3 . 5 5 2
{AtQ, y=0, so, _ZZE(X_3)} giving x=§ x=§ or 15 orawrt 1.67 | Al cso
[6]
(b) {jyzdx =Iy23—2d0 } = {J. }(40052 0)? 3sec’ 6 {dH} see notes | M1 N
So, ﬂjyzdx = 7rj(4cos2 6)?3sec’ 0 {d6} see notes | Al
J.yzdx =I4800529d6 J.4800529{d9} Al
1+ cos260 . )
={48} — do <= |(24+ 24co0s20)do Applies cos20 = 2cos’ 6 -1 | M1
Dependent on the first method <
1 1 mark. For a6 + Bsin26 | dM1
={48} (—8 + =sin 29] {= 240 +12sin26} L L
2 4 cos? 0 — (—9+—sin2«9] Al
2 4
x 1 ” 1 Dependent on
I yZdx { = 48[ 0 + =sin 29} = {48} [—+—j—(0 +0) | {=67+12} the third method | dM1 ~
4 0 8 4 mark.
{SOV—ﬂJ~4 dx = 67°+ 127 }
5 167 1 ., .
V. =727 3-2]{= == Ve = =7(2)7(3—their (a)) | M1
e =377 (3-2] {- 22| L 2(2) (3 their (2)
92
{VOI(S) =67 +127 — mTﬂ }:> Vol(S) = 99—27r + 677 ?77 +67° | Al
[9]

92
=—, :6
{p g 1 }
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Question 7 Notes

7. (@)

(b)

. _dy L . dx . dy - . de
1M1 | Applies their —= divided by their — or applies — multiplied by their —
PP dée Y déo PP déo P y dx
SC Award Special Case 1 M1 if both 2—2 and % are both correct.
1°* Al | Correct L] ie. _SLW or —§003305in0 or —isin 20¢os’ @ or any equivalent form.
dx 3sec” 4 3 3
2" M1 | Some evidence of substituting 6 = % or 6 = 45° into their j—y
X
Note | For3™Mi1and 4™ M1, m(T) must be found by using g—y
X
39 M1 | applies m(N) :(_—'I%)' Numerical value for m(N) is required here.
m
4" M1 o Applies y — 2 = (their my )(x — 3), where m(N) is a numerical value,
e orfinds c by solving 2 = (their m)3 + ¢, where m(N) is a numerical value,
and my=———— or m, = ; or my = —their m(T).
their m(T) their m(T)
Note This mark can be implied by subsequent working.
2" A1 X = > or 1g or awrt 1.67 from a correct solution only.
3 3
st . 2 ,adx . dx 1 S
1M1 | Applying Jy dx as y 40 with their 40 Ignore z or 5” outside integral.
Note You can ignore the omission of an integral sign and/or d@ for the 1% M1.
Note | Allow 1* M1 for I(cosz ) x "their 3sec* 6" d@ or .[4(0052 0)* x "their 3sec’ 4" d@
1t A1 | Correct expression {ﬁj y2dx }z 7zJ-(4cosze)235ec2¢9 {d6} (Allow the omission of d6)
Note IMPORTANT: The 7 can be recovered later, but as a correct statement only.
2" A1 {J. y2dx } = j4800320{d9} . (Ignore d@). Note: 48 can be written as 24(2) for example.
2" M1 | Applies cos26 = 2cos® @ —1 to their integral. (Seen or implied.)
3" dM1* | which is dependent on the 1% M1 mark.
Integrating cos” @ to give +af + fsin20, a # 0, f # 0, un-simplified or simplified.
3"A1 | which is dependent on the 3" M1 mark and the 1M1 mark.
Integrating cos® & to give %0 + %sin 26, un-simplified or simplified.
This can be implied by kcos®@ giving ge + %sin 20, un-simplified or simplified.
4™ dM1 | which is dependent on the 3™ M1 mark and the 1 M1 mark.
Some evidence of applying limits of % and 0 (0 can be implied) to an integrated function in &
th ; 1 2 ;
5"M1 | Applies V. = 57[(2) (3—their part(a) answer).
s (3. 5Y
Note Also allow the 5" M1 for V,, = ﬂj S(EX - EJ {dx} , which includes the correct limits.
their =
3
4" AL %ﬂ' + 677 or 10%7[ +67°
Note A decimal answer of 91.33168464... (without a correct exact answer) is A0.
Note The 7 in the volume formula is only needed for the 1* A1 mark and the final accuracy mark.




7. Working with a Cartesian Equation
A cartesian equation for Cis y = 236
X°+9
dy 2 -2 dy +AX
st — =+ AX(tax"tpB) or —=——"—"T—
(a) 1" M1 dx ( ) dx (iaXz + ﬂ)z
1AL y__ 36(x*+9)%(2x) or ay _Z;ZXZ un-simplified or simplified.
dx dx  (x*+9)
2" dM1 | Dependent on the 1 M1 mark if a candidate uses this method
For substituting x = 3 into their ;Jl_y
X
ic.atp@3 2, Y =‘2L(3)2{=—§}
dx (3°+9) 3
From this point onwards the original scheme can be applied.
2
(b) 1M1 | For % {dx} (7 not required for this mark)
Tax'z f
2
36 . .
Al For 7 || — {dx]} (7 required for this mark)
X°+9
To integrate, a substitution of x = 3tané is required which will lead to J.48c0526d0 and so
from this point onwards the original scheme can be applied.
. . ., 36
Another cartesian equation for Cis x° =— -9
y
B dy B
st tax=+—=-—= 0of faXx—=z+-—
@ | 1ML Eax=teG Xy~ Y
1t A1 2x=—3—(3d—y or 2xd—X=—2
y© dx dy y
2""dM1 | Dependent on the 1 M1 mark if a candidate uses this method

For substituting x = 3to findg—y

X
ie.at P3,2), 23 =— 20N W _
4 dx dx

From this point onwards the original scheme can be applied.




Question

Scheme Marks
Number
8. OA=-2i+4j+7k , OB =—i+3j+8k & OP =0i + 2j+ 3k
(a) ﬁzz_((—i+3j+8k)—(—2i+4j+ 7k)); = i—j+k M1; Al
[2]
-2 1 -1 1
(b) {iry=1| 4]+2|-1| or {r}=| 3|+4|-1 B1ft
7 1 8 1
[1]
-1 0 -1 1
(c) PB=0OB-OP=| 3|—|2|=| 1| or BP=| -1 M1
8 3 5 -5
1) (-1 Applies dot product
1le| 1 formtﬁ betvEgn
AB o PB 1 5 their (AB or BA) M1
{cos 0 =} —— = o
[AB|[PB|  J@?+ (-7 + @7 D+ @7+  andtheir (PB or BP)
{cos 0} = A-iis s 1 Correct proof | Al
BV 9 3 orrect proo €S0
[3]
p+Ador p+ ud, p=0,d=0with
d) 0 1 either p=0i + 2j + 3k or d = their AB, ora | M1
{lrr=p| 2] +u| -1 ) e
3 1 multiple of their AB.
Correct vector equation. | Al ft
o - [2]
0 1 1 0 1 Either OP + their AB ML
OC =|2|+|-1|=|1| or OD=|2|-|-1 or OP — their AB
(8) 3 1 4 3 1 At least one set of coordinates are AL ft
correct.
{C (1 1 4)’ D(_l’ 3 2)} Both sets of coordinates are correct. | Al ft
[3]
(M) h —sin® = =sing | g
Way 1 | [(=)?+ 1)+ (5) their | PE|
5 8
h =+/275sin(70.5...) {: \/ﬁg = 26 = awrt 4.9} 275in(705..) or 27. '3 | Al oe
or 2+/6 or awrt 4.9 or equivalent
1 . . .
Area ABCD = % 2\/6(\/5 + 2\/§) E(thelr h)(their AB + their CD) | dM1
{:%2@(3@):3&’8}:9& 9v2 | Al cao
[4]
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8. (f)

Helpful Diagram!

Area A APB = 4.2426... ‘j NE]

h =2+/6 =34/3. (@J: 4.8989...

DA =PB =

P_A:C_B.:

2
-2 1 _
PA=CB=| 2|and AB =| -1/, so BC LAB Candld_ates do not need to
A 1 prove this result for part (f)

Attempts ‘ﬁ‘ or ‘@‘ M1

8. () =5 2 2 2
h=[CB|= (-2)* +(2)* + (4)* =24 =2./6 = 4.8989... ot
Way 2 ‘ ‘ ‘PA‘z‘CB‘ =24 | Al oe
Area ABCD = % J24(V3 +243) or %m@ V283 Li(their 4B + heir D) | dML oe
=92 942 | Al cso
[4]
Way3 | Einds the area of either triangle APB or APD or BCP and triples the result.
8. (f) Area AAPB = % J§(3\/§)sin¢9 Attempts% (their AB)(their PB)sing | M1
1 .
_1 V3(3+3)sin(705..) 5 V3(3V8)sin(705..) or 32 | 5)
2 or awrt 4.24 or equivalent
Area ABCD =3 (3\/5) 3 x Area of AAPB | dM1
=92 92 | Al cso

[4]




Question 8 Notes

8.(a) | M1 | Finding the difference (either way) between OB and OA.
If no “subtraction” seen, you can award M1 for 2 out of 3 correct components of the difference.
1 1
Al | i—-j+kor |-1|or (1,-1,1) or benefit of the doubt -1
1 1
-2 1 -1 1
(b) Bift | {r}=| 4|+4|-1| or {r}j=| 3|+A|-1|, with AB or BA correctly followed through from (a).
7 1 8 1
Note | r = is not needed.
(c) M1 | An attempt to find either the vector PB or BP.
If no “subtraction” seen, you can award M1 for 2 out of 3 correct components of the difference.
M1 | Applies dot product formula between their (E or ﬁ) and their (ﬁ or ﬁ)
Al | Obtains {cos6)} =% by correct solution only.
: _ ABePB :
Note | If candidate starts by applying ——— correctly (without reference to cosé = ...)
‘AB HPB‘
they can gain both 2™ M1 and A1 mark.
Note | Award the final A1 mark if candidate achieves {cos 9} = % by either taking the dot product between
1 -1 -1 1
(|-1jand| 1| or (ii)) | 1|and | —-1|. Ignore if any of these vectors are labelled incorrectly.
1 5 -1 -5
Note | Award final AO, cso for those candidates who take the dot product between
1 1 -1 -1
@iii) [ -1]and | =1| or (iv) liand | 1
1 -5 -1
. . 1 1
They will usually find {cos@} = — 3 or may fudge {cos&} = 3
If these candidates give a convincing detailed explanation which must include reference to the direction
of their vectors then this can be given Al cso
(©) Alternative Method 1: The Cosine Rule

-1 0 -1 1
PBE=0OB-0P=| 3|—-12l=| 1! or BB =| -1 Mark in the same way | , .,
as the main scheme.
8 3 5 -5
Note‘ﬁ‘ =27, ‘ﬁ‘ =+/3 and ‘P—A‘ =24
2 2 2 Applies the cosine rule
(\/ﬁ) _(\/ﬁ) * (\/5) Z(ﬁ)(ﬁ)cose the correct way round M1 oe
cosfd = 27+1—?E;_24 =% Correct proof | Al cso

[3]




8. ()

Alternative Method 2: Right-Angled Trigonometry

(d)

(€)

)

-1 0 -1 1
PE=OB-OP=| 3|—|2|=| 1| or B =| 1 Mark in the same way | y 1
as the main scheme.
8 3 5 -5
Elther \/§) \/ﬁ ’
1 Confirms APAB is right-angled | M1
or ABePA =|-lle| 2|= -2-2+4=0
1 4
cosf = A— = ﬁ L Correct proof | Al cso
PB V271 03
[3]
0
M1 | Writing down a line in the form p + Ad or p + xd with either a=| 2 | or d = their AB d = their AB,
3
or a multiple of their AB found in part (a).
0 1 0
Alft | Writing | 2 |+ -1| or |2|+ud, where d = their AB or a multiple of their AB found in part (a).
3 1 3
Note | r = isnotneeded.
Note | Using the same scalar parameter as in part (b) is fine for Al.
M1 | Either OP + their AB or OP — their AB.
Note | This can be implied at least two out of three correct components for either their C or their D.
Alft | At least one set of coordinates are correct. Ignore labelling of C, D
Alft | Both sets of coordinates are correct. Ignore labelling of C, D
Note | You can follow through either or both accuracy marks in this part using their AB from part (a).
h .
Way 1: ———— =siné
M1 their ‘PB‘
Way 2: Attempts‘ﬁ‘ or ‘@‘
Way 3: Attempts% (their PB)(their AB)sin&
Note | Finding AD by itself is MO.
Al Either
e h=427sin(705...) or ‘ﬁ‘ = ‘@‘ = /24 or equivalent. (See Way 1 and Way 2)
or
o the area of either triangle APB or APD or BDP = % \/5(3\/§)sin(70.5...) 0.e. (See Way 3).
dM1 | which is dependent on the 1* M1 mark.
A full method to find the area of trapezium ABCD. (See Way 1, Way 2 and Way 3).
Al 9+/2 from a correct solution only.
Note | A decimal answer of 12.7279... (without a correct exact answer) is AO.
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